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Abstract 

We review the key steps of the construction of Levin- Wen type of models on 
lattices with boundaries and defects of codimension 1,2,3 in a joint work with 
Alexei Kitaev [3]. We emphasize some universal properties, such as boundary- 
bulk duality and duality-defect correspondence, shared by all these models. New 
results include a detailed analysis of the local properties of a boundary excitation 
and a conjecture on the functoriality of the monoidal center. 

1 Introduction 

Levin and Wen introduced their lattice models |T], each of which is built on the data 
of a unitary tensor category C, to describe a large class of topological orders [2]. In a 
joint work with Alexei Kitaev [3], we defined and studied Levin- Wen type of models on 
lattices with boundaries and defects of codimension 1,2,3 by applying the representation 
theory of tensor categories. We also characterized the boundary excitations as module 
functors. The characterization of the bulk excitations and excitations on a domain 
wall (or a defect line) can be obtained as a special case by using the so-called "folding 
trick". In this article, we will briefly review our construction. Instead of repeating 
everything, we choose to explain in details a few subtle points in our constructions, 
including a detailed analysis of the local properties of a boundary excitation, and a few 
important consequences, some of which are not explicitly stated before. In particular, 
we will emphasize two universal properties shared by all Levin- Wen models with gapped 
boundaries and defects: 

1. boundary-bulk duality: A boundary theory, as a system of quasi-particles living on 
a boundary, determines the bulk theory uniquely by taking center; a bulk theory 
determines its boundary theories uniquely up to Morita equivalence. 

2. duality- defect correspondence: There is a canonical group isomorphism between the 
automorphism group of a bulk theory and the Picard group consisting of invertible 
domain walls. 

These two properties of Levin- Wen models can be extended to a conjecture on the 
functoriality of Z (see Section H]). These results are not isolated phenomena. In 2- 
dimensional rational conformal field theories (RCFTs), a de-categorified version of above 
results were proved jH El El [TJ E] • Meanwhile, our construction can also be viewed as 
a physical realization of the so-called extended Turaev- Viro TQFTs pi [101 El EE] . We 
believe that these results also hold in other extended TQFTs [131 EH f!5] . 
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2 The original Levin- Wen models 



Let C be a unitary C-linear finite spherical fusion category. We will briefly recalled the 
crucial ingredients of such a structure to set the notation. Such category C has finite 
inequivalent simple objects i,j,k,--- ,m,n G / where J is a finite set, and every object 
X is a direct sum of simple objects. The tensor product X <g> Y is well-defined and 
is determined by the information of the horn spaces V^ Y '■— Home(i,X <g> Y),\/i G / 
which are vector spaces over C. In particular, iV? J := dimV^ is called the fusion 

rule. The associator: (X (g) Y) (g) Z X ' Y,Z > x £g> (Y ® Z) is an isomorphism which 
satisfies the pentagon relations. It induces an isomorphism between the horn spaces: 
F J n m '■ ffifcV^* ® V£ m — > @iV-{ 1 ® Yi m which can be expressed by fusion matrices with a 
choice of basis of horn spaces as follows: 
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The corresponding transformation of graphs is called an "F-move". The pentagon 
relations of the associator give the pentagon identities of the fusion matrices. The tensor 
unit 1 is an object in C such that there are the unit isomorphisms 1®X~X~X®1 
satisfying triangle relations. Each object X has a two-sided dual X satisfying duality 
axioms so that C is a spherical fusion categorj{§. 

By the unitarity of C, there is a positive definite Hermitian form (•, •) : Home(A;, i ® 
j) <g) Honie(A;, i ® j) — > C defined as follows: 




( V \0 = -== d } fc for C,V e K\ (2-1) 

V didjClk \ 

where rf G is the adjoint morphism, and dx is the quantum dimension of X. By 
choosing an orthonormal basis {a} of V^ 3 , we can decompose the identity isomorphism 
id i6 ?ii as follows: 

/ — *x«y j 

(2.2) 




Now we are ready to define Levin- Wen models. A "lattice" (or a "string-net" by 
Levin and Wen) on a plane is an upward-oriented planar graph with or without external 
edges. The total Hilbert space 0~C t ot is defined by 3-C to t := ® v ^v where is the space 
of spins assigned to the vertex v. Let G be any sublattice. We define 'Kg '■= ®veG^v 
A spin is given by a orthonormal basis vector in an associated morphism space. For 
example, the spin in Fig. [T] is a basis vector of Hom e (i ® j, k) as a subspace of 

2 It allows one to play on the graphs with the so-called isotopic calculus [HO , which will not be used 
here. We will simply choose all edges in our lattice models to oriented upwards (see Fig. [IJ. 
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Figure 1: An upward-oriented planar graph with edge and vertex labels. 



3~C V = ©ij,fcHome(i <S> j, k) . There is an important subspace L C !K to t- Two spins 
connected by an internal edge is called compatible if their indices associated to this 
internal edge coincide. The subspace £ is spanned by compatible spin configurations. 
We will denote the space of compatible spin configurations in "Kg f° r an Y sub-lattice G 
by L G . 

The Hamiltonian of the Levin- Wen model H := H Q + Hi can be understood as a 
two-step construction: 

1. The Hamiltonian H = 5^ e (l — Q e ), where the sum is over all internal edges e, and 
Q e acts as identity if two connected spins are compatible, and as zero if otherwise. 
In other words, Yl e Qe projects CK to t onto L. 

2. The additional term H\ = ^ p (l — -Bp), where the sum is over all plaquettes p 
and B p acts on the plaquette p as a projector, defines the ground subspace inside 
£. More precisely, B p acts as zero if plaquette p contain un-compatible spins, and 

clCtiS clS 

kel iei 
where B p is defined in Fig. [2} if otherwise. 

The operator B p looks quite mysterious. Notice that [Q v , B p ] = for all v and p. 
Therefore, the ground state is defined by the following stabilizer conditions: 

Q v |^) = B p \il>) = \il>) for all v and p. (2.4) 

Therefore, B p is nothing but the projector from £ to the space of ground states V. 
For Levin- Wen models defined on a plane, V is nothing but the Horn space defined by 
the external legs of the graph. A vector in L can be viewed as a graphic expression 
of a composed morphism valued in V. This gives a map eval : L — > V. Let p be 
the number of plaquettes in the graph. One can show that ev^ := D _p eval^ gives an 
isometric embedding V L. Then, one can prove that 

ev • ev^ = 1, ev^ • ev = J^J B p . 

p 
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a) b) c) d) 

Figure 2: The action of the plaquette operator B p : 

a) the initial state of the plaquette; b) a symbolic representation of the action of B p ; 
c) the loop is partially fused using Eq. (12. 2 j) (some labels and the overall factor are not 
shown); d) the corner triangles have been evaluated to trivalent vertices (summation 
over j' p , a' q is assumed). 

One can certainly define the Hamiltonian in terms of ev and ev^ for simplicity. The 
convenience of using B p operator is justified later when we study excitations. 



3 Boundary excitations 

The construction of Levin- Wen model can be extended to a lattice with a boundary 
defined by an indecomposable semisimple C-linear unitary module category eM over C, 
a notion which was introduced by Ostrik [17]. For example, the boundary spin a* in 
Fig. [3] is a basis vector in Hohim(« <8> cr, A). We will not repeat all steps. Instead, we will 
choose to comment on a few crucial points and their subtleties. The first crucial point 
is the definition of an excitation on an eM-boundary. 

Definition 1 A M-boundary excitation is defined by a pair ("Hr, Pr) where 

1. R is a region near the lattice boundary (see Fig. [3]) such that some of the stabilizer 
conditions are broken or altered within this region; 

2. "Kr is the Hilbert space associated to R. Namely, 'Kr is spanned by all decorations 
of the region R by spin labels and edge labels together with possible additional 
extra degrees of freedom that are not present in the original model. 

3. Pr : 'Kr — > "Kr is a projector such that Pr commutes with the partial action of 
the plaquette operator B p outside the region R. More precisely, the operator B p 
can be expressed as J2 q Yq ® X q where X q acts on J~Cr and Y q acts on !K cxt which 
is the Hilbert space associated to the region outside of R. Assuming that Y q are 
linear independent, we will call X q partial plaquette operators. Then Pr is required 
to satisfy the condition [P R , X q ] = for all q. 

As an immediate consequence, an excitation is equivalent to a module over the local 
operator algebra generated by partial plaquette operators. But there is an ambiguity in 
this definition since the choice of region R is quite arbitrary. 



a) b) c) d) 

Figure 3: Boundary excitations (the unexcited part of the lattice is shown in gray): 
a) a boundary excitation is localized in the region R and R' — R U dR' where the 
lattice configuration at the boundary of R! is dR' = G^ 2 ^ (see equation (|3.5p ); b) 
three S p operators act on the adjacent plaquette; c) the loop is partially fused in each 
plaquette so that it splits into two parts, one of which acts on "K R , the other acts on 
3~text; d) the loop is completely fused. 

The first solution to this ambiguity is to reduce the general cases to the simplest 
case [3]. More precisely, one can always alter the lattice by "F- moves" and "moving- 
bubbles" to simplify any boundary configuration dR of a lattice region R to G^°'°\ 
which is defined in equation (13.51) . without changing the physics. In particular, the 
Hamiltonian is preserved under these lattice transformations. 

The second solution is to study directly the relation between two general choices 
of R. In order to formulate the relation more precisely, we introduce the notion of 
morphism between two excitations (IKr, Pr) and (3£r,Qr). It is defined as a linear 
map J~C R — > 'Kr such that it commutes with the partial plaquette operators. Such 
defined excitations and morphisms between them form a category E.r. We would like to 
show that 8.r = Er> for different choice of regions R and R' . It is enough to consider 
the cases in which R' contains R in a minimal but nontrivial way. Let R C R' where R' 
is the region containing both the region R and a boundary diagram 

Q(m,n) = Q R f of the 

following type: 



m,n) 




In part a) of Fig. [31 we give an example of such situation when m = 2. We have 'Kri = 
0~Cqr' (g) J~Cr. We denote the region outside R' by ext. Then we have CK tot = CK ext <g) "Kri. 
Part b) in Fig. [3] portraits the action of 3 plaquette operators B p immediately adjacent 
to the region R! '. Part c) portraits how the action splits into two parts with the right dash 
lines, which are the partial plaquette operators in this case, acting on "Kri and the left 
dash lines acting on ^K cxt by the definition of B p (recall Fig. |2]). The partial plaquette 
operators span the space A <yrn,m \ which is nothing but L G ( m , m ) and is closed under the 
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multiplication^ of the partial plaquette operators. Namely, A^-™ 1 '" 1 ^ is an algebra. By 
definition, we have [Pri , A^'" 1 ^] = 0. In other words, (JCr',Pr>) defines a left A^" 1 '^- 
module ImP^/. Moreover, morphisms between excitations are precisely left A^" 1 '^- 
module maps. We obtain that Eri is equivalent to the category of left ^ m,m )-modules. 
Similarly, £^ is equivalent to the category of left A ("'"^-modules. Notice that the space 
j^(m,n) ._ j^ 9R , carries a natural structure of ^ m ' m )-^ n,n )-bimodules. 

Lemma 2 The algebras A^" 1 '" 1 ^ and A^'^ are Morita equivalent for any m,n E N. 
Moreover, the A^ m ' m ^ -A^ n ' n ^ -bimodule A^ m ' n ^ is invertible and defines the Morita equiva- 
lence. 

In other words, the boundary graph G( m ' n ) exactly determines an equivalence Er — > 
Er> between the categories of M-boundary excitations defined by R and R', respectively. 
Translating the invertible bimodule J 4 (m,ra ) into the defining language of an excitation, 
this equivalence is given by a functor: 

{Hr,P r )^{Hr,,J[B v -Pr) 
pg<9 

where Q is the set of plaquettes sitting between the region R and dR' . More details of 
above discussion will be covered in our future publication [18]. 

The Morita equivalence between A^ m ' m ^ and A^ n ' n ' allows us to identify the category 
of M-boundary excitations with the category of modules over A^ ' ^ which actually carries 
a structure of weak C*-Hopf algebra [3] . One can further show that the category of A^ ' ^- 
modules is equivalent to the category Fun e (M,M) of C- module functors [TTl [3] • We use 
C^j to denote the category Fun e (M, M)®° P , which is the same category as Fun e (M,M) 
but with the tensor product ® op defined by F <g> op G := F <g> G for F, G G Fun e (M, M). 
We obtain our first fundamental result: 

Theorem 3 Excitations on an JVi-boundary in Levin-Wen models are classified by the 
objects in the category 6^, which is also a unitary finite fusion category. 

Remark 4 Although anyons in physics often refer to simple objects in a semisimple 
braided tensor category, objects in a unitary fusion category without braiding are quasi- 
particles that can only live on a line like the boundary line in our case. Moreover, the 
direct sums of simple objects are physically unavoidable because the tensor product of 
two simple objects can split into a direct sum of simples objects in general. For exam- 
ple, in the Ising model, we have a <8> a = 1 © e, which means that the fusion of two a 
anyons can split into either 1 or e. This should be viewed as a categorification of the 
superposition of pure states in Quantum Mechanics. Therefore, an anyon associated to 
a simple object can be called a "pure anyon. A general anyon is a superposition of pure 
anyons, and can be called a mixed anyon. 

Note that Cg ~ 6 as tensor categories. In general, different boundaries M ^ N 
give arise to different boundary excitations and C^, which are, nevertheless, Morita 

3 The definition of multiplication is similar to the case m = = n which is defined explicitly in 3 ( 
cq.(18)]. 
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equivalent. They share the same bulk theory (see Section H]) given by their monoidal 
centers, i.e. Z(G y M ) 2* Z(C) = Z(G^) jH 120] • This is due to the fact that 6 and T> are 
Morita equivalent iff Z(G) = Z{T>) as braided tensor categories J2UJ EI]- Conversely, any 
unitary finite fusion category D, which is Morita equivalent to C, can be realized as a 
boundary theory of the same C-bulk lattice model. Indeed, let M be an invertible C-T>- 
bimodule that defines the Morita equivalence between C and D. Then the excitations of 
an eM-boundary is given by T>. These results are nothing but the boundary-bulk duality 
mentioned in Section [TJ 

4 Defects of codimension 1,2,3 

The theory of domain wall (or defect line) can be obtained from the boundary theory by 
using the folding trick. Indeed, an e Mi)-wall can be equivalently viewed as an emv ®°pM.- 
boundary by folding the system along the M-wall. Therefore, we obtain 

Theorem 5 Excitations on an oM,D-wall are classified by the objects in the category 
Fune\x>(M, M) of G-T>-bimodule functors. The bulk excitations, which can be viewed as 
excitations on a eCe-wall, are classified by the objects in the monoidal center Z(Q) := 
Fune\e(Q, C) which is actually a modular tensor category fEEj . 

Both C-bulk excitations and D-bulk excitations can be moved onto an gMxi-wall and 
become wall excitations via the following monoidal functors: 

Z(e) ^ Fun e |i)(M, M), Fun^M, M) ^ Z(T>), 
which are defined by 

L M :(e^C) ^ (M-eKeM^i^CKeM-M), 

When M is invertible, i.e. C is Morita equivalent to T>, Lm is invertible and its inverse 
is given by 

L M * : (M 4 M) H- (e ~ M K D M op ^> M ® v M op ~ C), 

where M op is the opposite category of M and automatically a C-2)-bimodule. Similarly, 
Rm is also invertible. In this case, i? M x o Lm, defined by the following conjugate action: 

R^ 1 o L M : Z(G) = Fun e |e(e, 6) Fun e |e(M op K e G K e M, M op K e 6 K e M) = Z(G) 

is actually a braided autoequivalence between Z{G) and Z(D). Therefore, we obtain a 
map M H> R^l o L M between the set of equivalent classes of invertible C-D-bimodules 
and the set of braided autoequivalences between Z{G) and Z{T>). This map turns out 
to be bijective. When C = T>, we obtain a group isomorphism Z : Pic(C) Aut(Z(C)) 
between the Picard group Pic(C) and the braided auto-equivalence group Aut(Z(C)) 
[23] . In terms of physical language, it is the duality- defect correspondence mentioned in 
Section [TJ A similar duality-defect correspondence holds for RCFTs [6] . 
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A defect junction (or a defect of codimension 2) between an eM^-wall and an gNu- 
wall can be defined in a way similar to a boundary excitation. An immediate consequence 
of this definition is that such defect junctions are classified by the modules over certain 
local operator algebra [3], and, equivalently, by C-D-bimodule functor from M to N. We 
denote the category of such functors by Fun e |n(M, N), or simply by Z(M, N). We also 
simplify the notation Fung^M, M) by Z(M). Obviously, a bulk or wall excitation is 
nothing but a special defect of codimension 2. Notice that Z(M, N) is naturally a Z(N)- 
Z(M)-bimodule. We automatically have a right Z(M)-module functor 3> : Z(M) — )■ 
Z(M,K) and a left Z(N)-module functor J* : Z(N) -> Z(M,X) defined by 

Z m :fH>?of, V/ G Z(M), f :^ 9 oJ, V<? G 

respectively. Physically, it says that a wall excitation on an M-wall or an N-wall can fuse 
into a defect junction between the M-wall and the N-wall. This fusion process defines a 
pair of morphisms (Z(M) ^ Z(M, N) Z{N)), or equivalently a Z(N)M mh Z(M)®° P - 
module functor FEmn,?* : ZpSf) K H iib^(M)®° P -> Z(M,K) defined by /) ^ c/o^o/ 
for g G Z(N),fe Z{M). 

Defects of codimension 3 are instantons which are given by natural transformations 
between (bi-)module functors. Let 3 r , 9 : M — > N be two C-D-bimodule functors. A 
natural transformation <fi : J — > 9 induces a natural transformation Z(4>) between the 

two Z(N) BHUb Z(M)®° P -module functors: J* IE % 9* E 9,. 

Combining all previous structures, we obtain two related multilayered structures. 

1. One is given by the building data of the lattice models: 




It is natural to conjecture that these four layers of structures together with com- 
position maps give a tricategorv [21] • Equivalently, one can replace C and D by 
the bicategories of the modulecl over them; and M, Ji by corresponding functors 
3"Mi and 3^9 by corresponding natural transformations 995, tp s ; and by a 
modification : <fgr — > cpg. 




3>r 



4 These modules are required to be unitary, semi-simple and finite. 
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The bicategory of C-modules is also called the category of boundary conditions in 
physics. Indeed, a C-module is precisely a boundary condition for a C-bulk in a 
Levin- Wen model. 

2. The other multilayered structure is given by the excitations in the models together 
with various fusion process of excitations from the bulk to defect lines and from 
defect lines to defect junctions as shown in the following diagram: 

Z(M) (4.8) 




Moreover, each of the following subdiagrams: 

is commutative up to a canonical isomorphism which is given by the defining 
data of the bimodule functor £F and S- The pair (L M ,i? M ) is called a cospan. 
A composition map can be defined for two connected cospans. Similarly, the 
pair (ST*, £F) is also a cospan. It is natural to conjecture that above multilayered 
structure in diagram f 14 -81) . together with properly defined composition maps and 
coherence morphisms, can be embedded into a tricategory, in which the 1- and 
2-morphisms are given by cospans. 

The physical intuition seems to suggest that the assignment Z from the building data 
of the lattice models to physical excitations in the bulks and on the defects is functorial. 
Namely, we conjecture that Z can be realized as a 3-functor. This functoriality, which 
will be called the functoriality of Z, is not an isolate phenomenon. It occurs in its 
simplest form as the fact that the notion of center for an ordinary algebra over a field is 
a lax functor [7]. A de-categorified version (as a 2-functor) of this conjectured 3-functor 
is constructed and proved in RCFTs [8]. 

Restricting to the equivalent classes of invertible 1-morphisms in (14. 6[) and (14. 8[) and 
ignoring all higher morphisms, it is known that the assignment Z gives a true functor 
between two groupoids [23]. In terms of this functor, the boundary-bulk duality and 
duality-defect correspondence can be easily summarized as the fact that Z is fully- 
faithful [23]. 

5 Summary and outlooks 

We have reviewed our construction [3] of Levin- Wen models enriched by boundaries and 
defects of codimensions 1,2,3, and emphasized three universal properties: boundary-bulk 
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duality, duality-defect correspondence and the conjectured functoriality of Z. We also 
pointed out that 2-dimensional RCFTs share similar properties. Therefore, it is natural 
to expect that such properties also hold in more general context. 

Extended TQFTs was invented by mathematicians [131 US]- Its physical mean- 
ing was realized only later [H |25l [26] . Roughly speaking, an extended n-dimensional 
TQFT can be viewed as an ordinary TQFT (in the sense of Atiyah) enriched by defects 
of codimension 1,2, ...,n. For example, the Levin-Wen models with defects provide a 
physical realization of the extended Turaev-Viro TQFTs [271 EH]; RCFTs with defects 
can be viewed roughly as an extended 2-d TQFT valued in a nontrivial modular tensor 
category. It is also known that the finite fusion categories, which are used to define 
the Levin- Wen models, and its counterparts^ in RCFTs are both fully dualizable ob- 
jects [H2, [HI [12] , which classify the extended TQFTs [H], in the sense of Hopkins-Lurie 
[T5] . It is natural to conjecture that these three properties also hold in other extended 
TQFTs. More precisely, for a fully-dualizable object C, let Z(G) be the Hoshchild co- 
homology HH'(G) defined by Lurie [30], then we propose the following mathematical 
conjecture: 

Conjecture 6 The Hoshchild cohomology Z(-) defines a functor from a category of 
fully dualizable objects (similar to jjj4-6\ )) to a target category constructed via a system 
of cospans similar to what is shown in the diagrams It is fully faithful if we 

restrict Z(-) to only 0-morphisms and the equivalent classes of invertible 1-morphisms, 
ignoring higher morphisms, in the domain category. In particular, it says that, for two 
fully dualizable objects G and D, Z(G) is isomorphic (as for example E n - categories, 
depending on the context) to Z(T>), if and only if G and T> are Morita equivalent; and 
we have a group isomorphism Pic(G) ~ Aut(Z(G)). 

It is possible to generalize Levin- Wen models in different ways other than increasing 
the dimension. Note that the construction of Levin- Wen models is not sensitive to 
the condition that the tensor unit 1 in C is simple. The same construction extends to 
multi-fusion categories. If C is a non-trivial multi-fusion category, it is possible that 
Z(G) = Vectc [23J which describes a trivial topological phase. One can also define a 
lattice model associated to a unitary spherical fusion category C equipped with a fiber 
functor lj : G — > Hilb. Such models can reproduce Kitaev's quantum double models 
associated to a finite group [31J or a C*-Hopf algebra |32j. It will be interesting to study 
boundaries and defects in these models [33] . 
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